On the sharpness of one inequality of different metrics for algebraic
  polynomials by Veprintsev, Roman
ar
X
iv
:1
60
7.
01
34
3v
1 
 [m
ath
.C
A]
  5
 Ju
l 2
01
6
In memory of my Grandmother
ON THE SHARPNESS
OF ONE INEQUALITY OF DIFFERENT METRICS
FOR ALGEBRAIC POLYNOMIALS
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Abstract. We prove that the previously established inequality of different metrics for algebraic polynomials
is sharp in the sense of order.
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1. Introduction and preliminaries
In this section, we give some notation used in the article. Here, we also introduce some
classes of orthogonal polynomials on [−1, 1], including the so-called generalized Gegenbauer
polynomials. For a background and more details on the orthogonal polynomials, the reader
is referred to [1–3, 5].
Consider the generalized Jacobi weight
ωα,β,γ(x) = (1− x)
α(1 + x)β|x|γ, x ∈ [−1, 1],
with α, β, γ > −1. Let {p
(α,β,γ)
n }∞n=0 denote the sequence of orthonormal polynomials with
respect to the weight function ωα,β,γ.
Given 1 ≤ p ≤ ∞, we denote by Lp(ωα,β,γ) the space of complex-valued Lebesgue
measurable functions f on [−1, 1] with finite norm
‖f‖Lp(ωα,β,γ) =
(∫ 1
−1
|f(x)|p ωα,β,γ(x) dx
)1/p
, 1 ≤ p <∞,
‖f‖L∞(ωα,β,γ) = ess sup
x∈[−1,1]
|f(x)|.
The Jacobi polynomials, denoted by P
(α,β)
n (·), where n = 0, 1, . . ., are orthogonal with
respect to the Jacobi weight function wα,β(x) = (1− x)
α(1 + x)β on [−1, 1], namely,
∫ 1
−1
P (α,β)n (x)P
(α,β)
m (x)wα,β(x) dt =

2α+β+1Γ(n+ α + 1)Γ(n+ β + 1)
(2n+ α + β + 1)Γ(n+ 1)Γ(n+ α + β + 1)
, n = m,
0, n 6= m.
Here, as usual, Γ is the gamma function. Note that wα,β = ωα,β,0.
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For λ > −1
2
, µ ≥ 0, and n = 0, 1, . . ., the orthonormal generalized Gegenbauer polynomials
C˜
(λ,µ)
n (·) are defined by
C˜
(λ,µ)
2n (x) = a˜
(λ,µ)
2n P
(λ−1/2,µ−1/2)
n (2x
2 − 1),
a˜
(λ,µ)
2n =
(
(2n+ λ+ µ)Γ(n+ 1)Γ(n+ λ+ µ)
Γ(n+ λ + 1
2
)Γ(n+ µ+ 1
2
)
)1/2
,
C˜
(λ,µ)
2n+1(x) = a˜
(λ,µ)
2n+1 xP
(λ−1/2,µ+1/2)
n (2x
2 − 1),
a˜
(λ,µ)
2n+1 =
(
(2n+ λ+ µ+ 1)Γ(n+ 1)Γ(n+ λ+ µ+ 1)
Γ(n+ λ+ 1
2
)Γ(n+ µ+ 3
2
)
)1/2
.
(1)
They are orthonormal with respect to the weight function
vλ,µ(x) = (1− x
2)λ−1/2|x|2µ, x ∈ [−1, 1].
Note that vλ,µ = ωλ−1/2,λ−1/2,2µ and
C˜(λ,µ)n = p
(λ−1/2,λ−1/2,2µ)
n . (2)
The generalized Gegenbauer polynomials play an important role in Dunkl harmonic
analysis (see, for example, [2, 3]). So, the study of these polynomials and their applications
is very natural.
Define the uniform norm of a continuous function f on [−1, 1] by ‖f‖∞ = max
−1≤x≤1
|f(x)|.
The maximum of two real numbers x and y is denoted by max(x, y).
Throughout the paper we use the following asymptotic notation: f(n) . g(n), n→∞, or
equivalently g(n) & f(n), n→∞, means that there exist a positive constant C and a positive
integer n0 such that 0 ≤ f(n) ≤ Cg(n) for all n ≥ n0 (asymptotic upper bound); if there exist
positive constants C1, C2, and a positive integer n0 such that 0 ≤ C1g(n) ≤ f(n) ≤ C2g(n)
for all n ≥ n0, then we write f(n) ≍ g(n), n→∞ (asymptotic tight bound).
To simplify the writing, we will omit “n→∞” in the asymptotic notation.
It follows directly from Stirling’s asymptotic formula that
Γ(n+ α)
Γ(n+ β)
≍ nα−β (3)
for arbitrary real numbers α and β.
It is known [1, p. 350] that
‖P (α,β)n ‖∞ ≍
{
nmax(α,β) if max(α, β) ≥ −1/2,
n−1/2 if max(α, β) < −1/2.
(4)
The aim of the paper is to prove that the established in [7] inequality of different metrics
for algebraic polynomials is sharp in the sense of order.
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2. Main result
In [7], we prove the following result.
Theorem 1. Let α ≥ β ≥ −1
2
, µ ≥ 0, 1 ≤ p < q ≤ ∞. If Pn is an algebraic polynomial
of degree n, then
‖Pn‖Lq(ωα,β,µ) . n
max(2(α+1),µ+1)( 1p−
1
q ) ‖Pn‖Lp(ωα,β,µ), (5)
i.e.,
sup
Pn
‖Pn‖Lq(ωα,β,µ)
‖Pn‖Lp(ωα,β,µ)
. nmax(2(α+1),µ+1)(
1
p
− 1
q ),
where the supremum is taken over all polynomials Pn of degree n.
Now we can formulate the main result.
Theorem 2. Let α ≥ β ≥ −1
2
, µ ≥ 0, 1 ≤ p < q ≤ ∞, and ν ∈
(
0, 1− 1
q
)
. Then
sup
Pn
‖Pn‖Lq(ωα,β,µ)
‖Pn‖Lp(ωα,β,µ)
&
{
nmax(2(α+1),µ+1)(
1
p
− 1
q ) if 1 < p < q ≤ ∞,
nmax(2(α+1),µ+1)(1−
1
q )−ν if p = 1, 1 < q ≤ ∞,
where the supremum is taken over all polynomials Pn of degree n.
Thus, the inequality (5) of different metrics for algebraic polynomials is precise in order.
Corollary 1. Let α ≥ β ≥ −1
2
, µ ≥ 0, 1 < p < q ≤ ∞. Then
sup
Pn
‖Pn‖Lq(ωα,β,µ)
‖Pn‖Lp(ωα,β,µ)
≍ nmax(2(α+1),µ+1)(
1
p
− 1
q ),
where the supremum is taken over all polynomials Pn of degree n.
This corollary immediately follows from Theorems 1 and 2.
3. Some auxiliary results
In this section, we present some results used in the proof of Theorem 2.
In [4] it was proved the following result.
Lemma 1. Let α, β ≥ −1/2, γ ≥ 0, and α˜, β˜, γ˜ > −1. Let −1 < y1 < 0 < y2 < 1.
Then, for 1 ≤ p <∞,
∫ 1
y2
(1− x)α˜|p(α,β,γ)n (x)|
p dx ≍

1 if 2α˜ > pα− 2 + p/2,
lnn if 2α˜ = pα− 2 + p/2,
npα+p/2−2α˜−2 if 2α˜ < pα− 2 + p/2,
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∫ y2
y1
|x|γ˜|p(α,β,γ)n (x)|
p dx ≍

1 if 2γ˜ > pγ − 2,
lnn if 2γ˜ = pγ − 2,
npγ/2−γ˜−1 if 2γ˜ < pγ − 2,
∫ y1
−1
(1 + x)β˜|p(α,β,γ)n (x)|
p dx ≍

1 if 2β˜ > pβ − 2 + p/2,
lnn if 2β˜ = pβ − 2 + p/2,
npβ+p/2−2β˜−2 if 2β˜ < pβ − 2 + p/2.
Using this lemma and (2), one can deduce the following two corollaries.
Corollary 2. Let α ≥ β ≥ −1
2
, µ ≥ 0, and 1 < p <∞. Then
‖p
(2α+ 3
2
,2β+ 3
2
,2µ+2)
n ‖Lp(ωα,β,µ) ≍ n
max(2(α+1),µ+1)(1− 1p).
In particular,
‖C˜(2(α+1),µ+1)n ‖Lp(ωα,β,µ) ≍ n
max(2(α+1),µ+1)(1− 1p).
Corollary 3. Let α ≥ β ≥ −1
2
, µ ≥ 0, ν ∈
(
0, 1− 1
q
)
, and 1 < q <∞. Then
‖p
(2α+ 3
2
−ν,2β+ 3
2
−ν,2µ+2−2ν)
n ‖L1(ωα,β,µ) ≍ 1,
‖p
(2α+ 3
2
−ν,2β+ 3
2
−ν,2µ+2−2ν)
n ‖Lq(ωα,β,µ) ≍ n
max(2(α+1),µ+1)(1− 1q )−ν .
In particular,
‖C˜(2(α+1)−ν,µ+1−ν)n ‖L1(ωα,β,µ) ≍ 1.
For λ > −1
2
, µ > 0, we have [6, Theorem 1]
‖C˜(λ,µ)n ‖∞ ≍ n
max(λ,µ). (6)
The above formula is sufficient for our purpose, but let us show that this is valid for µ = 0.
Proposition 1. Let λ > −1
2
. Then
‖C˜(λ,0)n ‖∞ ≍ n
max(λ,0).
P r o o f. From (1) and [5, Theorem 4.1], we have
C˜
(λ,0)
2n (x) = a˜
(λ,0)
2n P
(λ−1/2,−1/2)
n (2x
2 − 1) =
= a˜
(λ,0)
2n
Γ(n+ λ+ 1
2
) Γ(2n+ 1)
Γ(2n+ λ+ 1
2
) Γ(n+ 1)
P
(λ−1/2,λ−1/2)
2n (x),
C˜
(λ,0)
2n+1(x) = a˜
(λ,0)
2n+1 xP
(λ−1/2,1/2)
n (2x
2 − 1) =
= a˜
(λ,0)
2n+1
Γ(n + λ+ 1
2
) Γ(2n+ 2)
Γ(2n + λ+ 3
2
) Γ(n+ 1)
P
(λ−1/2,λ−1/2)
2n+1 (x).
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By (1) and (3),
a˜
(λ,0)
2n ≍ n
1/2, a˜
(λ,0)
2n+1 ≍ n
1/2,
Γ(n + λ+ 1
2
) Γ(2n+ 1)
Γ(2n + λ+ 1
2
) Γ(n+ 1)
≍ 1,
Γ(n+ λ+ 1
2
) Γ(2n+ 2)
Γ(2n+ λ+ 3
2
) Γ(n+ 1)
≍ 1.
Hence, considering (4), we get the desired asymptotic behavior
‖C˜(λ,0)n ‖∞ ≍ n
1/2‖P (λ−1/2,λ−1/2)n ‖∞ ≍
≍ n1/2 ·
{
nλ−1/2 if λ ≥ 0,
n−1/2 if − 1/2 < λ < 0.

4. Proof of Theorem 2
Let us consider the following cases:
I) 1 < p < q <∞ and 1 < p <∞, q =∞;
II) p = 1, 1 < q <∞ and p = 1, q =∞.
Case I). By Corollary 2 and (6), we get the desired behavior
sup
Pn
‖Pn‖Lq(ωα,β,µ)
‖Pn‖Lp(ωα,β,µ)
≥
‖p
(2α+ 3
2
,2β+ 3
2
,2µ+2)
n ‖Lq(ωα,β,µ)
‖p
(2α+ 3
2
,2β+ 3
2
,2µ+2)
n ‖Lp(ωα,β,µ)
&
&
nmax(2(α+1),µ+1)(1−
1
q )
nmax(2(α+1),µ+1)(1−
1
p)
= nmax(2(α+1),µ+1)(
1
p
− 1
q )
and
sup
Pn
‖Pn‖∞
‖Pn‖Lp(ωα,β,µ)
≥
‖C˜
(2(α+1),µ+1)
n ‖∞
‖C˜
(2(α+1),µ+1)
n ‖Lp(ωα,β,µ)
&
&
nmax(2(α+1),µ+1)
nmax(2(α+1),µ+1)(1−
1
p)
= nmax(2(α+1),µ+1)
1
p .
Case II). Using Corollary 3 and (6), we obtain the following asymptotic estimates
sup
Pn
‖Pn‖Lq(ωα,β,µ)
‖Pn‖L1(ωα,β,µ)
≥
‖p
(2α+ 3
2
−ν,2β+ 3
2
−ν,2µ+2−2ν)
n ‖Lq(ωα,β,µ)
‖p
(2α+ 3
2
−ν,2β+ 3
2
−ν,2µ+2−2ν)
n ‖L1(ωα,β,µ)
&
& nmax(2(α+1),µ+1)(1−
1
q )−ν
and
sup
Pn
‖Pn‖∞
‖Pn‖L1(ωα,β,µ)
≥
‖C˜
(2(α+1)−ν,µ+1−ν)
n ‖∞
‖C˜
(2(α+1)−ν,µ+1−ν)
n ‖L1(ωα,β,µ)
&
& nmax(2(α+1),µ+1)−ν .
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